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Abstract

The signature is a fundamental homotopy invariant for oriented manifolds.
However, for spaces with singularities, this usual notion of signature ceases to
exist, since spaces with singularities fail the usual Poincaré duality in general.
A generalized Poincaré duality theorem for spaces with singularities was proven
by Goresky and MacPherson using intersection homology. The classical signa-
ture was then extended to Witt spaces by Siegel using this generalized Poincaré
duality. In this paper, we study the higher signatures of Witt spaces by using
noncommutative geometric methods.

1 Introduction

The signature is a fundamental invariant for oriented manifolds. The Hirzebruch sig-
nature theorem expresses the signature of an oriented manifold M in terms of charac-
teristic classes:

sig(M) = (L(M), [M]) € Z,
where L(M) € H*(M;Q) is the L-class of M, a certain power series in the Pontrjagin
classes. Since the definition of the signature only depends on the cohomology ring
of the manifold, it is clearly a homotopy invariant. Now suppose M is not simply
connected with m (M) =T'. Let BT be the classifying space for I" and f : M — BI be
a continuous map. For each cohomology class [x] € H*(BI'; Q), one has the following
characteristic number, called a higher signature:

siggg (M, f) = (L(M) U f*[a], [M)) € Q

The Novikov conjecture states that every higher signature is homotopy invariant, that
is, for all orientation preserving homotopy equivalences g : N — M of closed oriented
manifolds and all continuous maps f: M — BT,
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This conjecture has been proved for a large class of groups [16, 11, 10, 25, 18, 19, 29,
30, 17, 9]. A common theme of the proofs for most of these cases, where the Novikov
conjecture is known to hold, is to first show the so-called strong Novikov conjecture
by using noncommutative geometry methods. Then the original Novikov conjecture
follows as a consequence of the Strong Novikov conjecture. Recall that the strong
Novikov conjecture says the following map, called the Baum-Connes assembly map,

p: K (ET) = K;(C(T))

is injective, where ¢ = 0,1. Here ET' is the universal space for proper I'-actions, and
KT(ET) is the i-th T’ equivariant K-homology of ET. Roughly speaking, every K-
homology class in K] (ET) can be represented by a Dirac type operator on some closed
manifold. What the assembly map u does is to map each of these Dirac type operators
to its corresponding K-theoretical higher index.

When the assembly map is applied to the signature operator of a manifold, we
call the resulting K-theoretical higher index the higher signature index class of the
manifold. The higher signature index class is one of the most fundamental invariants
for studying manifolds. In this paper we shall study a generalization of this invariant
for a class of spaces with singularities, Witt spaces. The case where the fundamental
group of the underlying Witt space is trivial has been studied by Siegel [24], based
on the work of Goresky and MacPherson [12]. This case was also studied with an
analytic approach by Cheeger [7, 8]. More recently, by generalizing Cheeger’s work,
Albin, Leichtnam, Mazzeo and Piazza used an analytic approach to study the higher
signature index class for Witt spaces[2] (see also [3] for the higher signature index class
of Cheeger spaces).

In this paper, we shall take a conceptual and combinatorial approach to the higher
signature index class for Witt spaces, by using noncommutative geometric methods.
Our approach is very much inspired by the work of Higson and Roe on mapping surgery
exact sequence in topology to analytic exact sequence in K-theory [14, 15, 13]. The
main methods of the paper are a combination of the techniques from the original
approach of Goresky, MacPherson and Siegel [12] [24], and techniques from noncom-
mutative geometry.

Here is a brief summary of the main results in the paper. Suppose X is a pseu-
domanifold (see Section 2.1). Let 7" be a triangulation of X. We denote the first
barycentric subdivision of T' by T". Consider the stratification of X given by the
skeleton of T,

X =T, DX = T2 D|Th-s D D|To|

Define RP to be the subcomplex of 7" consisting of all simplices which are (p,7)-
allowable with respect to this stratification, where p is a certain perversity (see Section
2.2). Let WP”(X) be the subgroup of C"(R?) consisting of those simplicial i-chains
with boundary supported on R ;. We define Wi(X) = Hom ;,,(W/(X),C) the group
of finitely supported (p,7)-allowable simplicial i-cochains. We denote the correspond-
ing chain complex by (W?(X),b) and (W3 (X),b*) respectively. The following theorem
states that, if X is an oriented Witt space, then X naturally gives rise a geometrically
controlled Poincaré complex (see Theorem 3.14 below).
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Theorem 1.1. Every n-dimensional oriented Witt space X is a geometrically con-
trolled Poincaré pseudomanifold of dimension n, that is, the duality chain map P :
(Wr(X),b*) = (W™ (X),b) associated to the fundamental class [X] is a chain equiv-
alence in the geometrically controlled category. Here m is the lower middle perversity.

We refer the reader to Section 2.5 and Definition 3.8 for the precise definitions of
various terms.

The theorem above allows us to define the higher signature index class for Witt
spaces. More precisely, Suppose X is a closed oriented Witt space of dimension n.
Let X be a I'-covering over X that is determined by a continuous map f : X — BI.
Here BI is the classifying space of I". Consider the following analytically controlled
[-equivariant Hilbert-Poincaré complex (see Section 2.4 and Section 4 for details):

EfN(X) ¢ EP(X) & - & EN(X),
where E™(X) is the Hilbert space completion of W/™(X). We denote the associated
higher signature index class in K,,(C(I")) by sigp(X, f) (cf. Section 2.4). Once casted
in this framework, then the following invariance properties of the higher signature follow
immediately from the general machinery for Hilbert-Poincaré complexes [13, Section 4
and Section 7).

Theorem 1.2. (1) Higher signatures of Witt spaces are invariant under Witt cobor-
dism. More precisely, suppose X1 and Xy are two closed oriented Witt spaces
with continuous maps f1 : X1 — B and fo : Xo — BI'. If X7 and Xy are
['-equivariantly cobordant, then

sigp (X1, f1) = sigp(Xa, f2)
in K,(CX(T')), where n = dim X; = dim Xj.

(i1) Higher signatures of Witt spaces are invariant under stratified homotopy equiva-
lence. More precisely, X andY are two closed oriented Witt spaces, and f : Y —
BT is a continuous map. If ¢ - X — Y is a stratified homotopy equivalence, then

Sigl"(Xa f © ()0) = SigF(Ya f)

Here we refer to Definition 4.6 for the definition of stratified homotopy equivalence.

Now a natural question is to compare the higher signature index class defined in this
paper with the (analytic) higher signature index class in the paper of Albin, Leichtnam,
Mazzeo and Piazza [2]. In this case where the fundamental group is trivial, these two
definitions of the signature index are clearly equivalent. It is reasonable to conjecture
that the two definitions of the higher signature index class are always equivalent in
general. One possible way to prove this is to build a natural chain isomorphism from
the Poincaré complex of £2-differential forms (with certain constraints coming from the
singularities) in [2] to the Hilbert-Poincaé complex in the current paper.

The paper is organized as follows. In Section 2, we recall various basic definitions
and fix some notation. In Section 3, we associate naturally to each Witt space a



Poincaré complex of certain allowable simplicial chains. The main result of this section
is to prove that such a construction is geometrically controlled. In Section 4, we
define the higher signature index class for Witt spaces and prove its various invariance
properties.

2 Preliminaries

In this section, let us recall some basic definitions and fix some notation.

2.1 Pseudomanifolds

In this paper, all spaces are assumed to be piecewise linear (abbreviated to p.l. from
now on), unless otherwise specified. We first recall the definition of pseudomanifold.

Definition 2.1. (1) A pseudomanifold of dimension n is a locally compact space X
containing a closed subspace ¥ with dim(X) < n — 2 such that X — ¥ is an n-
dimensional oriented manifold which is dense in X.

(2) A stratification of a pseudomanifold X is a filtration by closed subspaces
X=X,20X,1=X,2=2YD2X,3D---DX; DX
such that for each point p € X; — X;_; there is a filtered space
V=V,DV,.1D:---DV,=apoint

and a mapping V x B — X which, for each j, takes V; x B’ p.l. homeomorphically
to a neighborhood of p in X;. Here, B" is the p.l. i-ball and p corresponds to the
point V; x (an interior point of B?) .

If X; — X;_; is nonempty, then it is a (usually open) manifold of dimension 4, and
is called the i-dimensional stratum of the stratification.

We also have the following definition of pseudomanifold with boundary.

Definition 2.2. An n-dimensional pseudomanifold with boundary is a pair of pseudo-
manifolds (X,Y) satisfying:

(1) Y is a pseudomanifold of dimension (n — 1) with singular set Xy

(2) Y is a closed subspace of X. If we denote the singular set of X by Xy, then
X — (Xx UY) is an n-dimensional oriented manifold which is dense in X.

(3) Y is collared in X, that is, there is a closed neighborhood N of ¥ in X and an
orientation preserving p.l. homeomorphism Y x [0, 1] — N which takes ¥y x [0, 1]
onto Xx N N.

Now we recall the definition of stratification for pseudomanifolds with boundary.



Definition 2.3. A stratification of an n-dimensional pseudomanifold with boundary
(X,Y) is a filtration by closed subspaces

X:XnDanl:Xn72ZEDXn733"'DXlDXO
such that
(1) the filtration of Y given by Y;_1 = X; NY stratifies Y;
(2) the filtration of X — Y given by X, — Y;_; stratifies X;
(3) these filtrations respect the collaring of Y in X, that is, the collaring homeomor-
phism takes Y;_; x [0,1] to X; N N.
2.2 Piecewise linear chains and intersection homology

Suppose X is an n-dimensional pseudomanifold with a fixed stratification. If T is a
triangulation of X, let CT(X) be the chain complex of simplicial chains of X with
respect to T'.

Definition 2.4. The chain complex C,(X) of all piecewise linear geometric chains is
the direct limit under refinement of CT(X), with T ranging over all triangulations of
X compatible with the p.l. structure.

For ¢ € CT(X), the support of &, denoted by [¢], is the union of the closures of the
i-simplices whose coefficients in ¢ are not zero. The support of £ is invariant under
refinement. Therefore, a chain in C,(X) has a well-defined support.

Definition 2.5. A perversity is a sequence of integers p = (p2,ps, -+ ,Pn) such that
p2 = 0 and pry1 = pg or pp + 1.

The minimum perversity is given by 0 = (0,0, --- ,0) and the maximum perversity
is given by t = (0,1,2,--- ,n — 2).

Definition 2.6. Given an integer ¢ and a perversity p, a subspace ¥ C X is called
(p,i)-allowable, if dim(Y) < i and dim(Y N X,,_x) <i—k + p for all £ > 2.

The following lemma will be useful in later sections. Let us denote the i-dimensional
stratum of the stratification by x; = X; — X;_1.

Lemma 2.7 (cf. [23, Chapter I, Section 2|). A subspace Y C X is (p,i)-allowable if
and only if dim(Y) <14 and dim(Y N xp—x) <@ —k + pi for all k > 2.

Definition 2.8. C?(X) is the subgroup of C;(X) consisting of those chains ¢ such that
€] is (p,i)-allowable and |0¢| is (p, ¢ — 1)-allowable.

Now we are ready to define intersection homology of perversity p.

Definition 2.9. The i-th intersection homology group of perversity p, denoted IH? (X),
is the i-th homology group of the chain complex C?(X).
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Recall that the fundamental class of a pseudomanifold is defined to be the unique
class [X] € H,(X) which restricts to the local orientation class in H, (X, X — p) for
every p € X — Xx. The Poincaré duality map is defined to be the cap product with
this fundamental class

~[X]: H"(X) = Hy(X).
In general, this map is not necessarily an isomorphism, since X is singular. In any
case, there are compatible homomorphisms

H" (X)) 25 THP(X) 25 H(X)

which factor the Poincaré duality map [12, Section 1.4]. Here the map wy : THY (X) —
H;(X) is induced from the inclusions C?(X) C C.(X), and we will recall the detailed
description of the map a; : H"*(X) — IHP(X) in Section 3.
Let p, g and 7 be perversities such that p+¢ < 7. Then there is a unique intersection
pairing [12, Section 2.3]:
M THY(X) x THY(X) — TH]

i+j—n (X ) .
We have the following fundamental theorem of intersection homology due to Goresky

and MacPherson [12, Section 3.3].

Theorem 2.10 (Generalized Poincaré Duality). Let ¢ : IH (X)) — Z be the aug-
mentation which counts points with multiplicity, where t is the maximal perversity
(0,1,2,---,n—2). Ifi+j=mn and p+ q =t, then the augmented intersection pairing

TH? (X) x THY(X) — TH)(X) — Z

1s nondegenerate after tensoring with the rationals Q.

2.3 Special simplicial chain complexes for Pseudomanifolds

In this paper, we need to work with chain complexes in the geometrically controlled
category. In particular, instead of working with the chain complex Cf (X) above, it is
more suitable for us to work with certain simplicial chain complexes. We recall these
simplicial chain complexes in this subsection (cf. [12, Remark 3.4] and [23, Section 5
of Chapter 1]).

Given a pseudomanifold X, let T" be a triangulation of X. We denote the first
barycentric subdivision of T' by T". Consider the stratification of X given by the
skeleton of T,

X =T, DX =|Thoo| D|Th3| D D|Tpl.

Define R? to be the subcomplex of 7" consisting of all simplices which are (p,1)-
allowable with respect to this stratification.

Now let W”(X) be the subgroup of C]"(R?) consisting of those simplicial i-chains
with boundary supported on R? . In particular, W?(X) is a subcomplex of C?(X).

Moreover, WP(X) satisfies the following two properties:
(1) The inclusion i : WP(X) — C?(X) induces an isomorphism on homology.

(2) If p < g, then there is a natural inclusion of chain complexes WP — WZ.
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2.4 Hilbert-Poincaré complexes

In this subsection, we recall the definition of Hilbert-Poincaré complexes, which are
fundamental for studying higher signatures of topological spaces. We refer to [13] for
more details.

Let A be a unital C*-algebra. Consider a chain complex of Hilbert modules over A:

bn

b b
E0<—1E1<—2"'<——En

where the differentials b; are bounded adjointable operators. The j-th homology of
the complex is the quotient space obtained by dividing the kernel of b; by the image
of bj+1. Note that, since the differentials need not to have closed range, the homology
spaces are not necessarily Hilbert modules themselves.

Definition 2.11. An n-dimensional Hilbert-Poincaré complex (over a C*-algebra A)
is a complex of finitely generated Hilbert A-modules

By & B & ... &,
together with adjointable operators T': £, — F,_, such that
(1) if v € E,, then T*v = (—=1)"=PPTy;

(2) if v € E,, then Tb*(v) + (—1)"bT'(v) = 0;

(3) T induces an isomorphism from the homology of the dual complex

*

b:w bnfl bi
E,«— FE, 1 +— - -+ E
to the homology of the complex (F,b).

Now we will associate to each n-dimensional Hilbert-Poincaré complex an index
class, called signature, in the K-theory group K, (A).

Definition 2.12. Let (E£,b,T) be an n-dimensional Hilbert-Poincaré complex. We
denote [ to be the integer such that

B {2l if n is even,
20+ 1 if nis odd.
Define S : E'— E to be the bounded adjointable operator such that
S(v) = ip(p_1)+lT(v)
for v € E,. Here i = /—1.

It is not hard to verify that S = S* and bS + Sb* = 0. Moreover, if we define
B = b+ b*, then the self-adjoint operators B = S : E — E are invertible [13, Lemma
3.5].



Definition 2.13. (i) Let (E,b,T) be an odd-dimensional Hilbert-Poincaré complex.
Its signature is the class in K;(A) of the invertible operator

(B+S)(B—S)"':E., = E,
where E., = ©,L5),.

(ii) If (E,b,T) is an even-dimensional Hilbert-Poincaré complex, then its signature is
the class in K((A) determined by the formal difference [P, ] — [P_] of the positive
projections of B4+ S and B — S.

2.5 Geometric Hilbert-Poincaré complexes

In this subsection, we recall the definition of geometric Hilbert-Poincaré complexes.
They are Hilbert-Poincaré complexes in the geometrically controlled category.

Definition 2.14. A simplicial complex X is of bounded geometry if there is a number
N such that each of the vertices of X lies in at most N different simplices of X.

Denote by C.(X;C) the space of finitely supported simplicial chains on X, with
complex coefficients. If no confusion arises, we shall write C,(X) instead of C.(X;C)
for notational simplicity. Each vector space Cy(X) has a natural basis, comprised of the
k-simplices in X. With respect to this basis, we complete Ci(X) into the Hilbert space
Er(X) of square integrable simplicial k-chains on X. It is a X-module in the following
natural way: if f is a continuous function vanishing at infinity and if ¢ = > ¢, [o] is a
square integrable k-chain, then we define

fre=>"f(6)cslo]

where ¢ is the barycenter of o. The simplicial differential b : C(X) — Cp_1(X)
extends to a bounded operator on ¢?-chains, and we obtain a complex of Hilbert spaces

Ey(X) & B(x) & & B (X).

We call this complex the /2-chain complex of X, and we call its adjoint
b* b* *
Ey(X) 5 Ey(X) ¢ - & Ep(X)
the ¢2-cochain complex.

In the case where the simplicial complex X is given by a triangulation of an ori-
ented manifold, the above ¢?-chain and ¢2-cochain complexes will naturally give rise to
a Hilbert-Poincaré complex [14, Section 4]. However, since we are dealing with pseudo-
manifolds in this paper, we need an ¢?-version of the simplicial complex from Section
2.3.

Suppose X is an n-dimensional pseudomanifold. Given a perversity p, let WP(X)
be the simplicial chain complex from Section 2.3. Fix a basis, consisting of min-
imal elements, for W7(X), and complete it to the Hilbert space E}(X) of square-
integrable (p, k)-allowable chains whose boundaries are square-integrable (p,k — 1)-
allowable chain. Thanks to the bounded geometry of X, the simplicial differential
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b: WP(X) — WP _(X) extends to a bounded operator to b : EL(X) — EP_(X).
Given a pseudomanifold, the complexes

EP(X) & EP(X) & .. & Br(X)

n

and
_ b* _ b* * _
EN(X) 2 EP(X) & .. & BP(X)
do not give rise to a Hilbert-Poincaré complex in general. We shall see later that, if
X is a Witt space and p = m the lower middle perversity, then the above complexes
together with a natural Poincaré duality map define a Hilbert-Poincaré complex.

In order to have a suitable Poincaré duality map, we need to control our chain
complexes and the maps between them in a geometric way.

Definition 2.15. Let X be a proper metric space. A complex vector space V is
geometrically controlled over X if it is provided with a basis B C V and a function
c: B — X with the following property: for every R > 0, there is an N < oo such that
if S C X has diameter less than R then ¢!(S) has cardinality less than N.

Definition 2.16. A linear map 7 : V — W is geometrically controlled over X if
(1) V and W are geometrically controlled;

(2) the matrix coefficients of T" with respect to the given bases of V' and W are uni-
formly bounded;

(3) and there is a constant K > 0 such that the (v,w)-matrix coefficients is zero
whenever d(c(v), c(w)) > K.

Example 2.17. In this paper, the main example of a vector space geometrically con-
trolled over X is the space W7 (X) of “allowable” simplicial chains of a triangulated
pseudomanifold X. Here we always choose a basis B = {u;} consisting of mini-
mal elements for W7 (X) (see Appendix A for details). Each minimal element u; of
WPF(X) is supported on the star of some vertex v,, in X. In particular, the function
c: B — X is defined by c¢(u;) = v,,. It is not difficult to see that the differential
b : WH(X) — WP (X) is a geometrically controlled linear map. Similar remarks
apply to the complex of finitely supported simplicial cochains.

3 Geometric Hilbert-Poincaré complexes associated
to Witt spaces

In this section, we carry out a natural construction of geometric Hilbert-Poincaré com-
plex for Witt spaces.

Given a pseudomanifold X, let T" be a triangulation of X. Recall the construction
of W” from Section 2.3. Denote the first barycentric subdivision of 7" by 7”. Consider
the stratification of X given by the skeleton of T,

X =T, DX =|Tho| D|Th3| D D|Tpl.
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Define RP to be the subcomplex of 7" consisting of all simplices which are (p,4)-
allowable with respect to this stratification.

Definition 3.1. W7(X) is defined to be the subgroup of C]"(RF) consisting of those
simplicial i-chains with boundary supported on RY ;.

Suppose dim X = n, then we have the following chain complex:

WE(X) & WP(X) & & WP(X).
Denote the group of finitely supported (p, i)-allowable simplicial i-cochains by Wg(X ) =
Hom t;,, (WP (X),Z) and the corresponding cochain complex by
n b* n—1 b* b* 0
WH(X) < W) H(X) < - WF(X),
where b* is the dual of b.

Now let T” be the first barycentric subdivision of 7" and let & denote the barycenter
of the simplex o € T". Let T} be the i-skeleton of 7", thought of as a subcomplex of
T". Observe that T} is spanned by all vertices ¢ such that dim(o) < i. Define the
codimension 7 coskeleton D; to be the subcomplex of 7" spanned by all vertices & such
that dim(o) > 4. There are canonical simplicial deformation retracts:

X —|T]| = |Dita| and X —[Digq| — [T7].

Indeed, T} and D;;; are spanned by complementary sets of vertices. Each simplex
in 7" is the join of its intersection with |77| and of its intersection with |D;,1|. The
deformation retracts are given by retractions along the join lines.

Recall the definition of the usual cap product from algebraic topology. Suppose ¢
is a finitely supported p-cochain, and o = [vg, v1, -+, Vp4g| 1S @ (p + ¢)-simplex, then
the cap product ¢ —~ o is the g-chain defined by

Y0 = @([Upa"' 7Up+q])[v07”' ,Up];

we extend by linearity to a product between cochains and chains. Moreover, the cap
product is related to the boundary and coboundary maps by the following standard
formula

bl ~ )= ~ (bo) = (=1)¥(b*p) ~ o

Remark 3.2. Although the formula of the (simplicial) cap product involves a choice of
a partial ordering of all vertices (within a given orientation class), the cap product is
independent of the partial ordering of vertices.

Let CT'(X) (resp. CT"(X)) be the group of simplicial i-chains of 7" (resp. T").
Recall that the inclusion C'(X) < CF"(X) is a geometrically controlled chain ho-
motopy equivalence. For a detailed proof, see for example [20, Theorem 17.2]. In
particular, let us choose a chain homotopy inverse of this inclusion and denote it by
g : CI"(X) — CI'(X).

)
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Suppose Ci (X) = Homy;,(CF'(X),7Z) is the group of finitely supported i-cochains
of T". Let [X] be the fundamental class of X. We define the following variant of the
cap product map

m(X) = H(Ti], T )

~[X]
H, (X = |T],|, X = [T}])

~

= | deformation retract
Hpi(|Dil, | Diyal)
induced by inclusion

H (1T T a]) = G2 (X)

n—

gi

Crli(X)

where H' stands for cohomology with compact support and g; is a chain homotopy
inverse of the inclusion C7"(X) < CT"(X).

Remark 3.3. The map —~ [X]| above is a simplicial version of the cap product defined
by Whitehead [26].

We denote the composition of the above maps by
P:CL(X) — CT(X).

Notice that for any m-simplex £ € 7", we have dim(|D;| N |¢]) < m — i. Therefore,
dim(]D;| N X,,_x) < n —i— k. So all simplices in D; are (0,n — i)-allowable. Recall
that

b ~ [X]) = (=1)* (b%p) ~ [X]
for all simplicial cochains ¢, where b and b* are the boundary and coboundary maps.
It follows that, for all ¢ € Ci,(X), we have P(¢) € W._.(X) for every perversity £. In
particular, P restricts to a map

P:WiHX) — WL (X)

for all perversities p and ¢. Moreover, by construction, the map P is geometrically
controlled.

From now on, we shall work with W}(X) ® K where K = Q or C. If no confusion
arises, we write Wi(X) instead of W2(X) ® K for simplicity. Observe that, if we
identify Wg(X ) with WP?(X) by the canonical inner product, then the dual map of
P ng‘_i(X) — WP(X) can be viewed as a map

P* WiHX) — Wi (X).
To summarize, we have the following lemma.
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Lemma 3.4. Let X be an oriented pseudomanifold of dimension n and [X] be the
fundamental class of X. Then the map P : Wg(X) — W (X)) defined by

Py = ¢ ~ [X]

is geometrically controlled and satisfies bPp = (—1)I?IT1Pb*o. Moreover, the geometri-
cally controlled chain maps P and (—1)¥1=1¥DP* are chain homotopic (in the geomet-
rically controlled category).

Proof. Only the last statement requires comment. The only essential difference between
the chain maps P and (—1)¥I(»=¥DP* is the different choices of partial ordering of
vertices. Suppose we denote the partial ordering of vertices chosen for P by

o =[vo, ;v

for each simplex o € [X]. Then the partial ordering of vertices in the formula for P*
is given by = [v,, Uy_1, -+ , 0] by reversing all the vertices for each o € [X]. To be
more precise, since we need to preserve the orientation, a sign ought to be inserted.
Let us define a map p: C7'(X) — CT'(X)

pla) = &a
for all a € CT'(X), where ¢; = (—1)*V/2, 1t is not difficult to verify that

(~D)FODP () = o ~ (p[X]).

Recall that the definition of cap product does not depend on the partial ordering of
vertices. Moreover, there is a geometrically controlled chain homotopy between —~ [X]
and —~ (p[X]). To see this, it suffices to show that reversing two consecutive vertices
gives rise to a cap product that is chain homotopic to the original one. That is, the
cap product formulas defined by the partial ordering [vg, -, v;, Vi1, -+, v, and the
partial ordering (—1)[vg, -+, Viy1,0i, - -+, Uy] are chain homotopic (in the geometrically
controlled category). This follows from a routine calculation . We leave the details to

the reader.
O]

Let m = (0,0,1,1,2,2,---) be the lower-middle perversity and n = (0,1,1,2,2,---)
be the upper-middle perversity.

Definition 3.5. Let X be an oriented pseudomanifold of dimension n. We say that X
is a geometrically controlled Poincaré pseudomanifold of dimension n if a duality chain
P: Wi (X)— W™, (X) associated to the fundamental class [X] is a chain equivalence
in the geometrically controlled category.

Remark 3.6. Notice that the only perversity used in the above definition is the lower-
middle perversity m.
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Suppose X is a geometrically controlled Poincaré pseudomanifold of dimension n.
Complete the complexes (W2 (X),b*) and (W] (X),b) to complexes of Hilbert spaces,
denoted by (E%(X),b*) and (E™(X),b) respectively. Since E. (X) and E™(X) are
identified via the canonical inner product, we shall only write E™(X) from now on.
The duality map P extends by continuity to a bounded operator P on E*(X), and the
operator

1 Ny
T = 5P+ ()P

satisfies all three conditions in Definition 2.11. Therefore, the complex of Hilbert spaces

E{(X) & B (X) ¢ - & B (X) 1)
together with the duality operator T' give rise to an analytically controlled Hilbert-
Poincaré complex over X. We refer the reader to [13, Section 5] for the definition of
analytically controlled complexes.

It remains to see for which pseudomanifolds the duality map P : W¢ (X) —

W™ (X) is a chain equivalence. Let us first recall the following theorem of Goresky
and MacPherson [12].

Theorem 3.7 (Generalized Poincaré duality [12]). Let X be an oriented pseudo-
manifold of dimension n. If p+q =1t = (0,1,2,--- ,n — 2), then the duality map
P: WiX) = WI_(X) is a chain equivalence (in the geometrically controlled cate-
gory). In particular, the induced map on homology P : IH;(X) — TH?_.(X) is an
1somorphism for all 0 < i < n.

A special case of the above theorem is that
P (W, (X),07) — (WiLi(X),b)

is a chain equivalence in the geometrically controlled category for all oriented pseudo-
manifold X of dimension n. Hence for a pseudomanifold to be geometrically controlled
Poincaré pseudomanifold, it suffices to show that the canonical inclusion of chain com-

plexes
v (WH(X),b) = (WI(X),b)

is a chain equivalence in the geometrically controlled category. In [24, Theorem 3.2 &
3.4], Siegel showed that the map ¢ : (W™ (X),b) — (W](X),b) induces an isomorphism
on homology for Witt spaces. In the following, we shall refine Siegel’s argument to show
that, for every Witt space, ¢ : (W™ (X),b) — (W](X),b) is a chain equivalence in the
geometrically controlled category.

Let us recall the definition of Witt spaces. Let X be n-dimensional pseudomanifold.
For x € X, the link of z, denoted by lk(z, X) is unique up to p.l. homeomorphism [22].
Suppose d(z) is the intrinsic dimension of X at . Then there is a p.l. homeomorphism
lk(z,X) = S4=)~1 « [(x), the join of the (d(z) — 1)-dimensional sphere S*®)~! and
some pseudomanifold L(z). The space L(x) is of dimension I(xz) =n —d(x) — 1, called
the intrinsic link of z, which is unique up to p.l. homeomorphism (cf. [1]).
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Definition 3.8. Let X be an n-dimensional pseudomanifold. We say X is a Witt
space if _
TH}() 2 (L(2); Q) = 0

for all z € X such that I(z) = 0 (mod 2), that is, for all x in odd-codimensional
stratum.

We have the following useful proposition due to Siegel.

Proposition 3.9 ([23, Chapter III, Proposition 2.6]). Let X be a stratified pseudo-
manifold, with stratification

X, DX 1=X,2D X
Let L(x;, ) be the link of x; = X; — X;-1 at x. Then X is a Witt space if and only if
H'(L(xi,2); Q) = 0
foralli=n— (204 1) with { > 1.
Now we are ready to prove the main technical result in this section.

Proposition 3.10. If X be a Witt space of dimension n > 2, then the canonical
inclusion

L (WP(X),8) = (WF(X), b)
15 a chain equivalence in the geometrically controlled category.

Proof. We follow closely the Siegel’s original argument [23, Chapter I11, Section 3]. Let
r be the largest integer such that 2r + 1 < n. We define p; to be the perversity:

_ {m(c) =[52] forc<k
ni(c) =[52] forc>k

where 1 < k < n and 2 < ¢ < n. Here [s] stands for the largest integer that is less
than or equal to s. Since m(c) = n(c) for ¢ even, we may assume k is odd. Note that
Porr1 = m and p; = n. We have the following inclusions of chain complexes:

Wt =Wkt c Wkt C ... c WP C WP =W,
To prove the proposition, it suffices to show that
v (WP (X),0) = (WP (X), D)

is a chain equivalence for all 0 < s <r—1. We shall prove this by constructing a chain
homotopy H; : W**' — W and a chain map f; : W' — W7**! such that

(1) bH + Hb =1 — f, where 1 is the identity map;

(2) f; restricts to 1 on ijs*g and the image of f; lies in VVJ??S“’.
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_ b _ bjt1 _
ee——— Wfi‘}“ 7 WJP%H PERCAEI. WJPﬁH - ...

e, s S, e

e W;’jsl“ — WJP%H o ijj“ — ..
J Jj+1

The constructions of the maps H and f are local. In particular, it will follow from
construction that H and f are geometrically controlled.
Observe that posi1 and posi3 only differ at codimension 2s + 3. It follows that

W]ﬁf?2s+3 — M/]pzs+1
for all j < s+ 1 and j > n —s. We define
fj =1 and Hj =0

forall j <s+1and j >n—s. From now on, we assume that s +1 < j <n—s.
Recall that x,—(2s43) is the n — (25 + 3) dimensional stratum. For each z € W}**',
we have

dim(]2| N xn—(2s+3) < J— (25 +3) + Posr1(2s +3) =5 — s — 2.
If the following stronger inequality holds:
dim(]2| N xn—(2s+3)) < J — (25 +3) + Posr3(2s +3) =j — s — 3,

then z € W/fw’?’.
Let us fix a direct sum decomposition of Wi**' = W @ V; for each s +1 <

j<n—s. Wedefine H;(z) =0 and f;(z) = 2z for all z € I/sz”?’. Let us fix a basis of
minimal elements B for V;. To define H; and f;, it suffices to define H; and f; for the
basis elements in B.

Note that x,—(2s+3) is the disjoint union of interiors of simplices o € T, where
dimo =n — (25 + 3). Recall that here T is the chosen triangulation in the definition
of VV;.5 (X). For each z € B, let C, be the nonempty set of simplices ¢ in T' for which

dim(|]z| NInt(0)) =75 — s — 2.

Now for each ¢ € C,, consider the finite set {7;}ic; of (j — s — 2) simplices in the first
barycentric subdivision of ¢ satisfying

Int(7;) C |z| N Int(o).
The subchain of z consisting of j-simplices in 7”7 which intersect Int(¢) in Int(7;) is:
Zi = T; X U;

where v; € CL, | (tk(o,T")), and lk(o, T") is the link of ¢ in 7"
We have the following lemma, which is a slight generalization of [23, Chapter III,
Lemma 3.3].
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Lemma 3.11. b(v;) =0 for all i.

Proof. Decompose z as z = z; + (z — z;). Notice that
bz; = b(Ti % v;) = by * vy + (=175 17 % by

Therefore, |bz;| N Int(o) contains Int(7;) if and only if bv; # 0.
Moreover, since z € VVJP > by definition bz € VV]P}}“. In particular, it follows that

dim(|bz| N Xn—(2s43)) < J—1—(25+3) + Past1(2s +3) =5 — s — 3.

Therefore, |bz| N Int(c) does not contain Int(7;).
Now consider the decomposition

bz; = —b(z — z;) + bz.

By definition of z;, we see that |b(z — 2;)| N Int(c) does not contain Int(7;).
Combining these observations, we see that |bz;| N Int(o) does not contains Int(7;).
Therefore, bv; = 0. This finishes the proof. m

The canonical simplicial isomorphism of ¢k(o,T") and ¢k(o,T)" maps v; to a cycle
o € CL,(¢k(0,T)'). In particular, we have the complex W™ (¢k(o,T)) associated to
the restriction of T" to ¢k(o,T"). The proof of the following lemma can be found in [23,
Chapter III, Lemma 3.4].

Lemma 3.12. 9, € W (¢k(0,T)), for alli.
By hypothesis, X is a Witt space. Proposition 3.9 implies that
IH™, (tk(0, T)) = 0.
So there exists a chain ; € W, (¢k(o,T)) such that b%; = ;. Let z; be the corre-
sponding chain in ¢k(o, T"). We define
w; = (1) ' xx; and w, = Zwi.
iel

Note that .
bw; = (—1)7 757 b1y % 25 + 75 % v,

Lemma 3.13 ([23, Chapter III, Lemma 3.5]). We have w, € ijsl“(X).

Now repeat the argument for each of the simplices in C,. We define

H;(z) = Z We

oeC,
The map f; : WP — WP+ is defined by
[i(2) =2 = (bjr1 Hj(2) + Hj_1b;(2)).

We shall verify that
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(i) fj restricts to 1 on ij28+3;
(ii) the image of f; lies in T+,

If 2 € WP* then bj(z) € WF**. Therefore, H;(z) = 0 and H;_1(b;(z)) = 0 by
definition. Hence follows part (i).

To see part (ii), we need to consider again the intersection of z with x,—(2s+3).
Recall that C, is the nonempty set of simplices ¢ in T" for which

dim(|z| NInt(o)) =j — s — 2.
Let D, be the nonempty set of simplices ¢ in T" for which
dim(|z| NInt(o)) = (j — 1) —s — 2.

Now for each o € D,, consider the finite set {7y }rcx of (j —s— 3) simplices in the first
barycentric subdivision of o satisfying

Int(n,) C |z| N Int(o).
The subchain of z consisting of j-simplices in 7" which intersect Int(c) in Int(n) is:
Yk = Mk * Uk

where u, € CL,(¢k(0,T")). In the construction for H;_;, we see that the terms that
are relevant for the definition of H;_;(bz) are

(b7;) * v; coming from bz; = (bry) * v,

and
(—=1)77°"2np * (buy,) coming from by, = (bng) * ug, + (—=1)7 7520 * buy.
We define .
w, = (—=1)77572(bry) ¥ 2; and W, = sz’-;
icl
and

wy = (1) 2(=1)7 Pk uy, = e *up and  w! = ng
iel
It is not difficult to verify that

H; 1(bz) = Z w, + Z wl.

O'ECz O'EDZ

Observe that dim(|H;_1(b2)| N Xn—(2s13)) < j—5—3.
Recall that by the construction of w,, we have

dim(|z — bw,| NInt(0)) < j — s — 3,
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hence it follows that
dim( — bH;(2)] 0 Xo_(rersy) < — 5 — 3. )
Since f;(z) = (2 —bH;(z)) — Hj_1b(2), we see that
dim ([ £f5(2)] N Xn—(2s43)) <J—s—3.

Moreover, notice that bf;(z) = (bz) — bH,;_1(bz). Apply formula (2) to bz. It follows
immediately that

dim([6f;(2)] N Xn(zess)) < (5 — 1) — s — 3

As a consequence, f;(z) € Wf **2 This proves part (ii).
Observe that the maps H; and f; are geometrically controlled by construction. This
completes the proof of the proposition. O

To summarize, we have the following main theorem of this section.

Theorem 3.14. Every n-dimensional oriented Witt space X 1is a geometrically con-
trolled Poincaré pseudomanifold of dimensionn, that is, the duality chain P : (W2 (X),b*) —
(W™ (X),b) associated to the fundamental class [X] is a chain equivalence in the ge-
ometrically controlled category.

4 Higher signatures of Witt spaces

In this section, we define higher signatures for Witt spaces and prove some invariance
properties.

Let us first recall some standard definitions from coarse geometry. We refer the
reader to [21] [28] for more details. Let X be a proper metric space. That is, every
closed ball in X is compact. An X-module is a separable Hilbert space equipped with
a x-representation of Cy(X), the algebra of all continuous functions on X which vanish
at infinity. An X-module is called nondegenerate if the s-representation of Cy(X) is
nondegenerate. An X-module is said to be ample if no nonzero function in Cy(X) acts
as a compact operator.

Definition 4.1. Let Hx be a X-module and T" a bounded linear operator acting on
Hy.

(i) The propagation of T is defined to be sup{d(z,y) | (z,y) € Supp(T)}, where
Supp(T) is the complement (in X x X) of the set of points (z,y) € X x X for
which there exist f,g € Cy(X) such that ¢7'f =0 and f(x) # 0, g(y) # 0;

(i) T is said to be locally compact if fT and T'f are compact for all f € Cy(X).

Definition 4.2. Let Hx be an ample nondegenerate X-module and B(Hx) the set of
all bounded linear operators on Hx.
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(i) The Roe algebra of X, denoted by C*(X), is the C*-algebra generated by all
locally compact operators with finite propagations in B(Hx).

(ii) The localization algebra of X, denoted by Cj(X), is the C*-algebra generated by
all bounded and uniformly continuous functions f : [0,00) — C*(X) such that
propagation of f(t) — 0, as t — co.

Now suppose X is a I'-covering of X. Let Hg be a X-module equipped with a

covariant unitary representation of I'. If we denote the representation of Cy(X) by ¢
and the representation of I' by 7, this means

(V) (e(f)v) = e(f7) (7 (y)v),

where f € Co(X), v €T, v e Hg and f7(x) = f(y ). In this case, we call (Hg, T, ¢)
a covariant system.

Definition 4.3. With the same notation above, we denote by (C[)N(]F the x-algebra
of all I'-invariant locally compact operators with finite propagations in B(Hg). We
define C*(X)" to be the completion of C[X]|" in B(Hg). The I-invariant version of

the localization algebra, denoted by C’}:()? )Y, is defined similarly.

If the action of I on X is cocompact, that is, if X is compact, then it is known that
C*(X)I' is *-isomorphic to C*(T") ® K, where C*(I') is the reduced group C*-algebra
of I and K is the algebra of all compact operators. In particular, it follows that
K;(C*(X)") = K;(C*(T")). Moreover, a theorem of Yu shows that there is a natural
isomorphism K;(C;(X)T) 2 KI'(X) = K;(X) [28, Theorem 3.2].

Now suppose X is a closed oriented Witt space of dimension n. By Theorem 3.14
above, X is a geometrically controlled Poincaré pseudomanifold, that is, the duality
chain P : (W2 (X),b*) — (W™ . (X),b) associated to the fundamental class [X] is a
chain equivalence in the geometrically controlled category. By the discussion in Section
3, the duality map P extends by continuity to a bounded operator P on E(X), and
the operator

1 N
T = 5P+ ()P

satisfies all three conditions in Definition 2.11. Recall that E7*(X) is the Hilbert
completion of W (X). Then the complex of Hilbert spaces

g (X) ¢ B{'(X) ¢ - ¢ B(X) (3)
together with the duality operator T' give rise to an analytically controlled Hilbert-
Poincaré complex over X. We refer the reader to [13, Section 5] for the definition of
analytically controlled complexes. B

Now let X be the I'-covering of X as above. Apply Theorem 3.14 to X. We see that
the duality chain P : (W2 (X),b*) — (W ,(X),b) associated to the fundamental class

[X] is a chain equivalence in the category of geometrically controlled I'-equivariant
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maps. Now a geometrically controlled I'-equivariant Poincaré complex can be com-
pleted to yield an equivariantly analytically controlled Hilbert-Poincaré complex:

EMX) L EMX) & & EMX)

with the duality map T defined in the same as that of the unequivariant case above.

Before we define the notion of higher signature, let us briefly review the classical
signature for Witt spaces in the current context. Recall the definition of signature
for Hilbert-Poincaré complexes from Definition 2.13. In the case of an analytically
controlled Hilbert-Poincaré complex

E{(X) & B (X) ¢ - & B (X)
over a closed Witt space X of dimension n, its signature, denoted sig(X), lies in K, (KC).
Recall that K,,(K) = Z when n is even and 0 when n is odd. It is not difficult to see
that sig(X) agrees with the classical definition of signature for Witt spaces (cf. [13,
Proposition 3.9]).

Remark 4.4. If X is a closed Witt space of dimension 4k, then the classical signature
of X is defined to be the signature of the symmetric bilinear form:

N IHZ(X) x THR (X) — Q.

Definition 4.5. Let X be a closed oriented Witt space of dimension n. Recall that
every I'-covering X of X is determined by a continuous map f : X — BT, where BI'
is the classifying space of I'. The higher signature of X over X is defined to be the
signature class of the analytically controlled I'-equivariant Hilbert-Poincaré complex:

EMX) L EMX) & & EMX).

This signature class is an element in K, (C(I") ® K) = K,(C!(I')) and is denoted by
SigF <X7 f)

The higher signature of X, denoted by sigp(X), is defined to the higher signature
of the universal cover of X, where I' = 71 (X) in this case. Now we shall prove some
natural invariance properties of higher signatures. Before we state the theorem, let us
recall some standard definitions.

Definition 4.6. (1) Let X; and X, are two closed oriented Witt spaces with continu-
ous maps fi : X1 — Bl'and f5 : Xy — BI'. We say X; and X, are I'-equivariantly
cobordant if there exist a Witt space with boundary W and a continuous map

f W — BT such that OW = X; U (—X»), and fl|x, = fi and f|x, = fo.

(2) Suppose X and Y are two stratified spaces. A continuous map ¢ : X — Y is called
stratum preserving if, for each stratum S of Y, the inverse image ¢ ~1(.9) is a union
of strata of X. Such a stratum preserving map is called codimension preserving if,
for each stratum of S of Y, we have

codim ¢~ *(S) = codim S.

A stratified homotopy equivalence between X and Y is a homotopy equivalence in
the category of codimension preserving maps.
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Theorem 4.7. (i) Higher signatures of Witt spaces are invariant under Witt cobor-
dism. More precisely, suppose X1 and Xy are two closed oriented Witt spaces
with continuous maps f1 : X1 — B and fs : Xo — BI'. If X7 and X5 are
['-equivariantly cobordant, then

sigp (X1, f1) = sigp(Xa, f2)
in K,(C*(T')), where n = dim X; = dim X,.

(ii) Higher signatures of Witt spaces are invariant under stratified homotopy equiva-
lence. More precisely, X andY are two closed oriented Witt spaces, and f 1Y —
BT is a continuous map. If ¢ : X — Y is a stratified homotopy equivalence, then

SigF(Xa f © ()0> = SigF(Ya f)

Proof. (i) Let W be a Witt cobordism between X; and X5. Then the pair (W, X; U
(—X5)) together with the relevant maps to BT give rise to a geometrically con-
trolled Poincaré pair in the sense of [14, Section 3.2]. Now the statement follows
immediately from [13, Theorem 7.6].

(il) Without loss of generality, we assume ¢ is simplicial with respect to some trian-
gulations of X and Y. The map ¢ induces a geometrically controlled homotopy
equivalence between the associated geometrically controlled Poincaré complexes
of X and Y. Now the statement follows immediately from [13, Theorem 4.3].

O

5 K-homology classes of signature operators

In this section, for each closed oriented Witt space X, we shall construct the K-
homology class of its signature operator. The image of this K-homology class under
the Baum-Connes assembly map is the higher signature of X from the previous section.
Recall that the Baum-Connes assembly map takes each K-homology class of X to
its higher index:
wi KT (X) > Ki(Cr (D)),

In the case where X = ET is the universal space for I'-proper actions, the Baum-Connes
conjecture states that u is an isomorphism [4][5].

Recall that we have K;(Cj (X)) = K;(X), where C}(X) is the localization algebra
of X (see Definition 4.2). To construct the K-homology class of the signature operator,
we shall construct its corresponding element in K, (C} (X)), where n = dim X.

Recall that in the construction of the localization algebra Cj(X) of X, we need to
choose a nondegenerate X-module. In this section, we shall fix an explicit choice of
nondegenerate X-module that suits best with the purpose of our constructions.

Let X be closed oriented Witt space of dimension n. Recall the construction of
W™ (X) from Section 2.3. Here m is the lower middle perversity. Denote the first
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barycentric subdivision of T' by T". Consider the stratification of X given by the
skeleton of T,
X =T, 2= T2 D|Ths D DTl

Define R[" to be the subcomplex of T" consisting of all simplices which are (p,i)-
allowable with respect to this stratification. WP(X) is defined to be the subgroup of
CT'(RY) consisting of those simplicial i-chains with boundary supported on R? .

Let us define Hy = @@, W/ (X) ® C. Fix a basis By = {uF} consisting of minimal
elements for W7 (X) (see Appendix A for details). Each minimal element ;% of WP (X)
is supported on the star of some vertex v¥ in X. We define an X-module structure on

Hy as follows. Let every function f € C'(X) act on Hy by

foud = fod)u.

5.1 Refinement map

In this subsection, let us describe a refinement procedure for a given triangulation
T. This refinement procedure produces a particular subdivision of 7', denoted by AT
such that all successive refinements A™T" have bounded geometry, where the bound is
uniform respect to n € N.

Let us recall the notion of typed simplicial complexes (cf. [6] [19]).

Definition 5.1. Suppose X is a simplicial complex of dimension n. Let X° be the
set of vertices of X. A fype on X is a map ¢ : X° — {0,1,--- ,n} such that for any
simplex w € X, the images by ¢ of the vertices of w are pairwise distinct. A simplicial
complex equipped with a type is said to be typed.

Given any simplicial complex X of dimension n, we denote its barycentric subdivi-
sion by Y. Then Y admits a type. Indeed, Y is the set of totally ordered subsets of
X, that is,

Y*={(0g,--+ ,01) | 0; € X and o; is a face of 7,11}

Now the dimension function, which maps each barycenter of a simplex of X to the
dimension of that simplex, is a type on Y.

Now suppose X is a typed simplicial complex of dimension n. In particular, this
gives a consistent way of ordering the vertices of each simplex in X according to the type
map. Therefore, each k-simplex of X can be canonically identified with the standard
k-simplex A*. Now to define our refinement procedure, it suffices to describe certain
subdivisions of the standard simplices so that the number of simplices containing a
vertex remains uniformly bounded for all successive subvisions. One way to achieve
this is by the so-called standard subdivision [27, Appendix II.4]. In below, we briefly
recall the construction of standard subdivision, and refer the reader to [27, Appendix
I1.4] for more details.

Let 0 = [vg, vy, -+ ,vx] be a standard simplex with its vertices given in the order
shown. Set
1 1
Uz]_2vi+§2}]7 Z<]7



in particular, v;; = v;. These are the vertices of the standard subdivision of o, denoted
So. Define a partial ordering on these vertices by setting

vi; <wvyg if kE<iandj <L

Now the simplices of So are all those formed from the v;; which are in increasing order.
Moreover, each simplex in So naturally inherits an ordering of vertices from the above
partial ordering of v;;. It is not difficult to verify that So carries a natural type by
mapping v;; — (j — 7).

To summarize, given a typed simplicial complex X of dimension n, we apply the
above standard subdivision procedure (consistently) to each n-simplex of X. We call
the resulting simplicial complex the standard subdivision of X, denoted by SX. Note
that SX is also typed.

5.2 K-homology class

Let A be the refinement map from above and AT" be the resulting refinement of the
triangulation 7”. Moreover, the corresponding group W} (X) with respect to AT" will
be denoted by W7 (AX). We define

H, = PW(AX)®C.
k

Similarly, we fix a basis of minimal elements of H;, and endow H; with an X-module
structure accordingly.
Repeat the above process, and define

Hy =P WAX)&C.
k

Define H to be the ¢?-completion of @2y Hj. Then H inherits an X-module structure
from those of Hj,. Moreover, it is not difficult to see H is an ample nondegenerate
X-module.

By Theorem 3.14, each Hy, together with the maps b, b* and T', gives rises to a
geometric Hilbert-Poincaré complex of X. Let B, and Si be the operators on Hy
corresponding to the operators B and S from Section 2.4. By construction, By and Sy
have finite propagation. Moreover, B + S}, are invertible for each k£ > 0. The following
lemma shows that in fact By £ S) are uniformly bounded below for all £ > 0.

Lemma 5.2. There exist constants € > 0 and C > 0 such that
E<< HBk + Sk”Hk < C
for all k.

Proof. Consider the disjoint union of countably many copies of X, denoted by ]_[j X,
where X; = X endowed with the triangulation A/T". The stratification of each X;
remains the same, and is given by the skeleton of T"

X =T, DX =Ty D|Th3| D D|Tpl.
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Note that [] ;X; has bounded geometry under the above simplicial structure. Let
{W™(A7X)} be the corresponding geometric Hilbert-Poincaré complex over Xj,. Then
11 i H; is a geometric Hilbert-Pincaré complex over [ | ; X;. Let H be the £* completion
of [T i H;. Then by the discussion in Section 2.5, the operators

H(Bj +.5;) and H(B -

are bounded and invertible [13, Lemma 3.5]. In particular, there exist ¢ > 0 and C
such that

s<||]_[ Sl < Cande < | T[(B; = 8l < C.

J
It follows that e < HBj + Sj|lu; < C for all j > 0. O

5.2.1 0Odd case

Let p(x) be a polynomial on [e,C] U [-C, —¢| such that

1
sup_|f(@) — p(o)] <
z€[e,C]

Then ||p(B; —S;) — (B; = 5;) 7| <

Moreover, the element

m, which implies that p(B; —S;) is invertible.

(Bj + 55) - p(B; = Sj)
has finite propagation. Since the propagation of B; — S; goes to zero as j goes to oo,

we have that the propagation of (B;+5;)-p(B; —S;) goes to zero, as j goes to infinity.
The refinement map A induces a controlled chain homotopy equivalence

Aj (Hj,b) — (Hjpq,b).

Observe that the propagation of A; goes to zero, as j — oo. Moreover, A;S;A;
is controlled chain homotopic to S;;;. We shall use these controlled chain homotopy
equivalences to construct a norm-bounded and uniformly continuous path that connects
all (Bj +S5;) - p(B; — ;). The resulting path represents a class in K;(C} (X)), which
is precisely the K-homology class of the signature operator of X.

Consider the duality operator (—S;) @ Sj41 on the chain complex H; & H;i,. We
shall construct a continuous path of invertible elements (with controlled propagations)

connecting
Bj -5 B; -5
(o) (s 2 [(70) = ()]

to the identity operator (3 9). The construction is adapted from [13, Section 4]. First
consider the path of duality operators

S, 0
0 (1 — t)Sj_H + t.AijA;
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which connects the duality operator (—S;) @ S;11 on the chain complex H; & H;41 to
the operator (—S;) @ A;S;Aj. Following this, the path of duality operators

—cos(t)S;  sin(t)S;A;
(sin(t)Aij cos(t)A;9;A5 )7 tel0,m/2),
connecting (—S;) @ A;S;Aj to (Afsj Sj[‘)A;
By using these paths of duality operators, we see that

[(Bj Bj+1> + <_Sj 5j+1>] P [(Bj Ba‘+1> B <_Sj Sa‘+1>]
is connected to
() (s 50 2 [(760) = (s 00))

by a norm-continuous path of invertibles.

CA*

Now observe that the duality operator ( A(,)Sv SJE;‘ j) is connected to its additive
V)

inverse (_ ij s, _56’4; > by the path of duality operators

0 exp(it)S;Ax
(exp(—it)Aij o ) teloml

To proceed, we need the following lemma.

Lemma 5.3. The elements

sy — (B L (5 " )
Er(t) = ( Bj+1) ( (1 —=1)Sjp1 +tA;S;A; )
. (B, —cos(t)S;  sin(t)S;A%
Fir(t)= ( Bj+1) + (sin(t)Ajsj cos t)Aijjél;f

. (B 0 exp(it)S; A%
570 = (" 5, )= (encinas, )

are invertible. Moreover, there exists a constant € and C such that

and

e < E O NFOIL g7 @) < C
for all j and t.

Proof. The proof uses the same idea from Lemma 5.2.

Consider the map
A:HA] : HXJ —>HX]

Jj=0 j=0 j21
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defined by A|x, = A;. Similarly, we define

S=][sand 5 =T[5

Jj=>0 Jj>1
B=]]B;and B =[] B;;
Jj=0 jz1

We have that ASA* is controlled chain homotopic to S’. Now define the paths of

operators
v (B ) 0
&) = ( B’) + ( 0 (1-1)S +tASA*)

By the discussion in Section 2.5, the operators £*(t) are bounded and invertible [13,
Lemma 3.5]. Therefore there exists a constant ¢ and C' such that

e<|ErM <C.

The same argument applies to the other terms. Since there are only a finite number of
paths, this finishes the proof. n

Without loss of generality, we assume that we have chosen € and C as in the above
lemma. It follows that the element

B, 0 S;A% B; 0o S;A*
Vo = [( ! Bj+1> + (_Aij J0]>:| D |:< ! Bj+1> - (Aij JOJ>:|

is connected to

B; 0o S;A* B 0o S;A*
U = [( ! Bj+1> + <Aij J0J>] P |:< ! Bj+1> + <.Aj$'j JO]>i|

by the path

. B, 0 S;Ax B, 0 exp(it)S; A%
Ut - |:< ! Bj+1> + <Aj5j J0]>i| p [( ! Bj+1> - (eXp(—it)Aij 0 ! J>i| °

Notice that, since p(z) is approximating the function f(z) = z~!, the element v; in
this path is very close to the identity operator (). More precisely, the linear path
between vy and (§9) is a path of invertible elements connecting v; and ({9).

To summarize, we have obtained a norm-continuous path of invertible elements that

(%) = (7)) 2 [(7 ) = (7 50)

_ [ (Bj=5;)p(Bj+5;) 0
0 (Bj+1+Sj+1)p(Bjt1—Sjt1)

to the identity operator (§9). In particular, by multiplying this path by the element

((Bj +5;) 'OP(Bj - 5;) (1)) ’
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we have a path of invertible elements connecting ((Bﬁsj)'g(Bﬂ"Sj) (1)) to

(Bj+S;)p(B;—S;)(B;j—S;)p(B;+S;) 0
0 (Bj+1+Sj+1)p(Bj+1—Sj+1)

Observe that again the entry
(Bj +5;) - p(Bj — 5;)(Bj — ;) - p(B; +5;)

in the last element is connected to the identity operator by a linear path of invertible
elements. Therefore, combining these paths together, we obtain a path of invertible
elements, denoted by Uy, t € [j,j + 1], connecting

U, - ((Bj +5;) 'Op(Bj - 5;) (1))

to

- s o)
o (Bjt1+ Sjy1) - p(Bjyr — Sj1) )

Let ¢; be the maximum of the propagations of B;, S; and A;. By construction, the
propagation of U, is uniformly bounded by N - ¢; for all ¢ € [j,j + 1]. Here N is a
universal constant that only depends on the degree of the polynomial p(x).

Now view each U, t € [j,7 + 1], as an invertible operator on H by making it act
as the identity operator on H; for ¢ # j,j + 1. By putting all the intervals [j,7 + 1]
together, we obtain a bounded uniformly continuous path of invertible elements

U:[0,00) = C*(X)"
such that the propagation of U; goes to zero, as t — oo. Here C*(X)™ is the unitization
of C*(X).

Definition 5.4. The K-homology class of the signature operator of X is defined to be
the K-theory class of the path U in K;(C(X)). Let us denote this K-homology class
by [Dsig] from now on.

5.2.2 Even case

The even case is similar. We shall only point out a few key points and skip most of the
details. Recall that the signature class of X is defined to be the element in Ky(C*(X))
determined by the formal difference [Py] — [P_] of the positive projections of B; + 5,
and B; — S;. In other words, the signature class of X is the formal difference

9(B;j +55) = 9(B; = 5j)
where g(z) is the function on [e, C|U[—C, —¢] such that g(z) = 1 on [, C] and g(x) =0

on [—C,—¢]. In order to have good control over the propagation, we approximate g
sufficiently well by a polynomial h(x) on [e, C]U[—C, —¢]. Notice that, h?(z)—h(z) # 0
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in general. As a result, h(B; £ ;) are not projections. However, by choosing h
sufficiently close to g, we have

Ih(B; £ 8;)* = h(B; &+ 8;)|| < 9

with ¢ sufficiently small. In other words, h(B; £ S;) are d-quasi-projections. Now
proceed as in the odd case (with obvious modifications), we obtain a bounded uniformly
continuous path of )-quasi-projections

Q@ :[0,00) = C*(X)

such that the propagation of (); goes to zero, as t — oo. In particular, () gives rise to a
d-quasi-projection in C7 (X), which in turn determines a K-theory class in Ky(Cj (X))
by the standard holomorphic functional calculus.

Definition 5.5. The K-homology class of the signature operator on X is defined to be
the K-theory class in Ky(C (X)) determined by (). Again we denote this K-homology
class by [Dsig].

5.2.3 Equivariant case

The case of coverings of Witt spaces is completely similar. Suppose Xisal -covering
of X, where I' is a discrete group. Our primary example is X is the universal cover of
X and I' = m (X).

We proceed exactly the same as the non-equivariant case above, but this time on
the space X. Notice that all operators are invariant under the action of I'. Now in the
odd case, we obtain a bounded uniformly continuous function

U :[0,00) = (C*HX)")*

such that the propagation of (7} goes to zero, as t — 00. So U determines a K -theory
class in K1(C5(X)"). Moreover, this class coincides with the K-homology class [Dg,]
in K,(C5 (X)), after the natural identifications

Ki(C3(X)Y) = K (C}(X)) = Ki(X).

The even case is similar.

5.3 Assembly map

Recall that the evaluation map
ev: Cr(X)' — o*(x)"
f(t) = £(0)

induces a homomorphism at the level of K-theory:

ev, : K (CH(X)D) = K (C*(X)D),
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where 7 = 0,
Ki(X) —
( (X)) =

1. The ev, in fact coincides with the Baum-Connes assembly map
K;(C*(I")), with the natural identifications K;(C3 (X)) = K;(X) and
K;(C*(T')). In particular, it follows from our discussion above that

p[Dsig] = sigr(X) € Kn(C7(T)),
where n = dim X. Let us summarize this in the following proposition.

Proposition 5.6. For each closed oriented Witt space of dimension n, we have

U Dag] = sigr(X) € K, (C3(D)).

A Minimal elements in W’ (X)

The purpose of this section is to show that it is always possible to choose a basis {z,}
of WP(X) such that z, are uniformly bounded in the following sense. Let fz,, be the
number of simplices in x,. One can always choose {z,} such that fz, is uniformly
bounded. In particular, apply the refinement map A repeatedly, one can choose a
basis of AW?(X) such that the supports of these basis elements shrink uniformly.

Given a pseudomanifold X, let T" be a triangulation of X. Recall the construction
of W” from Section 2.3. Denote the first barycentric subdivision of 7" by 7. Consider
the stratification of X given by the skeleton of T,

X =T, 22X = T2 D|Ths D DTl

Define R? to be the subcomplex of 7" consisting of all simplices which are (p,1)-
allowable with respect to this stratification. WP(X) is defined to be the subgroup
of CI"(R?) consisting of those simplicial i-chains with boundary supported on R?
Denote an element of WF(X) by a sum >_,_; a;0; for some finite index set Z and
a; € Z. Here o; is a k-simplex of the triangulation 7’. Without loss of generality,
we assume that the geometric support of ). _; a;0; in X is connected. Moreover, by
reversing the orientation of ; if necessary, we assume that a; > 0. Let ¢ be a summand
of the sum )

ieT a;0;.

Definition A.1. An element Y, ;a;0; of W7(X) with a; > 0 is called minimal if it

cannot be written as a sum
Z Q;0; + Z Bio;
i€l i€l
such that

(i) i, B > 0 and o; + B; = as;
(ii) both ). 7 a;o; and ), 7 Bio; are in W,f(X).
Clearly, the support of each minimal element is connected.

Lemma A.2. There exists a universal constant ¢, > 0 such that |Z| < ¢ for all
minimal elements ), .7 a;o; of W[ (X). Here ¢, only depends on k.
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Proof. Choose a summand o, of ZZEI a;0;. Observe that, up to orientation, o, is a
simplex of the form [vg, - - - vg], where v; is the barycenter of some simplex A,, in 7" and
A,, is a sub-simplex of A, , for all 0 <i < k — 1. Let us write & = [vg, - - - v]. Then

vit1
o, = *0.
Claim. The face [vy,- -+ , v} is supported on RY_,.
Let us assume the opposite, that is, [vy,--- ,v;] is not supported on R} . This

implies that there exists j such that
dim([vl, s ,Uk] an,]) > k-1 —j+p]

In particular, dim([vy,---,vx] N X,,—;) > 0 and we have that vs; € X,_; for some
1 < s < k. Since v, is the barycenter of A,_, it follows that A,, is contained in X,,_;.
In particular, this implies that vy lies in X,,_; as well. Therefore, we have

dim(6 N X,—;) = dim([v1, -+ ,v6] N Xpmj) + 1 >k — J + py,

which contradicts with the assumption that o € Rz,z . This proves the claim.
Now let us prove the lemma by induction.

(1) If all the faces [vo, vy, -+ ,0¢, -+ ,vx) of & lie in R}, then & (and equivalently o)
is an element of W/ (X). Then

Z a;0; = Z a;o; + (ae — D)oe | + 0.

1€ i#e€l

This contradicts with the assumption that ZiGI a;0; 18 minimal.iso at least one
face, say [vo,v1,- -+ ,0g, -+ ,v] with £ > 0, is not supported on R}_,.

(2) By assumption, 9(}",.; a;0;) is supported on RY_,. It follows that there exists an-
other summand w # o, such that a face of w cancels out with [vg, vy, -+, Op, - -+, vg].
Let us write

w = t[wg, wy, -+, Wi,

where again w; is the barycenter of some simplex A, of T"and A, is contained
in Ay, forall 0 < j <k —1. Then clearly we have wy = vy. In particular, it
follows that w and o, both lie in the star of the vertex vg.

Repeat the above steps, due to minimality of ), ; a;0;, it follows that all simplices
0; in the summation contain the vertex vy. In particular, they are all contained in
the star of vg. Now because X has bounded geometry, the number of k-simplices in
the star of a vertex is uniformly bounded by some constant, say, ¢,. This finishes the
proof.

O
We have the following immediate corollary.

Corollary A.3. W,f(X) has a basis consisting of minimal elements, each of which is
supported on the star of a vertex.
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